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Probabilistic analysis of the controls on groundwater

depth using Copula Functions

Yifei Bai, Yi Wang, Yaning Chen and Leyuan Zhang
ABSTRACT
Groundwater is an essential water resource in the Yarkant River Basin Irrigation District, which is the

largest oasis in Xinjiang, China. This study used a novel approach to analyze the relationship between

groundwater depth and three driving factors by developing Copula Functions from monthly time series

data collected from 16 monitoring wells. More specifically, marginal distribution and joint distribution

functions were established, and the conditional probabilities for three data ranges were calculated using

both two- and three-dimensional Copula Functions. The developed statistical models showed that

groundwater exploitation, runoff, and surface water irrigation significantly affected groundwater depth.

The most significant effect on water table declines was associated with groundwater exploitation and

lagged 1-month behind the groundwater withdrawals. The amount of runoff and irrigation were both

inversely related to water table depth due to groundwater recharge. Frank Copula Functions were found

to produce the best fit to the joint distribution of the variables and were used herein, allowing for the

establishment of a detailed probability distribution of the change in groundwater depth under the

combined effect of multiple controlling factors. The results provided key insights into how irrigation and

groundwater withdrawals can be adjusted to effectively manage groundwater resources.
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INTRODUCTION
The Yarkant River is the longest tributary to the Xinjiang

Tarim River, which is the largest inland river in China

(Chen et al. ). The basin is located in central Asia and

possesses a temperate continental arid climate (Sun et al.

; Zhang et al. ) that is located between the Taklima-

kan Desert and the Bulgari and Togak Deserts. Although the

Yarkant River Basin is subject to low and irregular rainfall,

high temperatures and evaporation, as well as notable

periods of drought (Duethmann et al. ), it possesses a

desert oasis consisting of fragile ecosystems. It also pos-

sesses the Yarkant River Basin Irrigation District (YRBID),
which is the largest agricultural irrigation district in Xinjiang.

The irrigation district is the most important area in China for

the production of high-quality grain, cotton, and fruits (Chen

et al. ), and agricultural water consumption is signifi-

cant (Deng et al. ). The basin is a multi-ethnic area

dominated by the Uighurs, and the minority population

accounts for 89.85% of the total population of the basin.

The agricultural population represents an important pro-

portion of the population.

The population and cultivated land area within the

Yarkant River Basin have increased significantly in recent

years and have consequently increased stress on its water

resources and environment. In fact, shortages in water

resources have severely restricted urban and agriculture

development in the area (Zhang et al. ). To help alleviate
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these shortages, groundwater has become an important

source of water (Zhang et al. ; Xiao et al. ).

Previous research has shown that groundwater

resources can help maintain the social and economic devel-

opment of the oasis, by offsetting the water requirements for

agricultural irrigation and domestic use (Zhou & Li ).

However, the increased exploitation of groundwater in the

area has accelerated the rate at which the depth to ground-

water has increased (Wang et al. ). Moreover, research

has shown that fluctuations in groundwater levels may affect

hydrological processes in the entire basin, causing changes

in surface water and groundwater interactions (e.g., ground-

water recharge and discharge), as well as ecosystem

dynamics (Mansuer et al. ). Thus, groundwater is an

essential domestic, agricultural, and ecosystem resource

that must be effectively managed (Du et al. ; Feng ).

During the latter part of the 20th century, the protection

and sustainable utilization of groundwater resources in arid

areas has gradually become a major concern (Mogaji et al.

). A few previous groundwater resource analyses in the

Yarkant River Basin attempted to document the spatial dis-

tribution and causes of groundwater declines. These

analyses were based on (1) the use of Linear Regression

Methods applied to measured time series data of the

changes in groundwater (water table) depths (Chen et al.

), (2) the use of the Mann–Kendall method to analyze

the temporal and spatial evolution of regional groundwater

systems (Shataer ), (3) the use of the SWAT model to

predict changes in the depth to the groundwater table and

to analyze the dynamic response of regional groundwater

under climate change (Liang ), (4) the use of Monte

Carlo type algorithms to predict changes in groundwater

dynamics (Gulupiya b), (5) the use of Wavelet analyses

to determine changes and trends in water table depths

(Liu et al. ), and (6) the calculation and analysis of

the groundwater levels required to maintain sound ecologi-

cal conditions in the area (Gulupiya a). All of these

studies mainly focused on annual and/or interannual

variations in the depth to groundwater and helped investi-

gators define and predict fluctuations in water table levels

through time. However, most of these investigations result

in a point prediction in groundwater levels, rather than pro-

viding the probability of the range in changes in water table

depths using specific statistical distributions. From the point
://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
of view of rational groundwater resources management, it is

important to clarify the probability relationships between

groundwater depth and the factors that determine the prob-

ability distribution of groundwater depth.

The Copula Function is an expression that links the joint

cumulative distribution function of variables with the mar-

ginal cumulative distribution function of variables to

explore the correlation between variables (Genest & Favre

). Univariate hydrological analyses cannot fully charac-

terize the multiple controls on hydrological events,

including changes in groundwater depth. Thus, the study

of the frequency at which hydrological events occur by ana-

lyzing the joint distribution of multiple controlling variables

has become an important focus of hydrological research

(Schumann ).

Since the first application of the Copula Functions to the

field of hydrology in 2003 (Michele ), they have been

broadly used in hydrology to gain insights into, as well as

model the relationship between, two or more parameters.

Their application includes the analysis of precipitation

(Khedun et al. ), the correlation between flood peak

and flood volume (Szolgay et al. ), the determination

of the frequency and recurrence interval of floods (Haber-

landt & Radtke ; Stamatatou et al. ), the analysis

of the frequency and recurrence intervals of droughts (De

Michele et al. ; Salvadori & De Michele ), the assess-

ment of multi-hazard risks (Salvadori et al. ), and

environmental hydrological modeling (Vezzoli et al. ).

Theoretically, groundwater depth and its controlling factors

can also be analyzed using Copulas Functions, thereby pro-

viding a probability perspective of the correlative structure

between the depicted variables. However, due to the

unique nature of the groundwater table, the application of

Copula Functions to the analysis of groundwater depth is

a relatively difficult process, and there are few related

studies. Nonetheless, You et al. () used Copula Func-

tions, along with annual time series data to analyze the

correlations between groundwater depth and its controlling

factors within the Jinghui Irrigation District of central

China. Their research found that Symmetric Frank Copula

methods were able to satisfactorily describe the probability

correlations between the water table depth and the control-

ling factors including annual surface water irrigation and

precipitation. However, they ignored seasonal fluctuations
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in groundwater level and the two considered controlling fac-

tors may be unsuitable for the arid area where rainfall is a

minor component for groundwater recharge.

Herein, this paper expands on this earlier work by devel-

oping an explicit probabilistic Copula model of the structure

of groundwater depth in an arid area, while considering

more than two driving factors. More specifically, the objec-

tive of this study was to characterize the variations in

groundwater depth and determine the factors controlling

the depth to the water table in an arid oasis. The analyses

were conducted by calculating the relevant probabilities of

the controlling parameters, documenting the probability

of an occurrence of groundwater depth over a range of

values, and determining the appropriate probabilistic

relations between the groundwater depth and the control-

ling variables. This paper specifically established suitable

Copula Functions between groundwater depth and selected

driving factors to analyze the responsiveness of the different

factors as well as the combined effect of multivariate driving
Figure 1 | Location of the study site in China, and location of the groundwater monitoring we
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factors on the probability of changes in groundwater depth

by using shorter time interval (monthly) time series data

and investigating the correlative structure between them.

By analyzing and verifying the characteristics of probability

distributions of groundwater depth, the approach provides a

useful reference for groundwater resource management in

irrigation districts in arid regions.
STUDY AREA AND DATA

Introduction to the irrigation area

The YRBID (76�400–79�250E to 37�200–40�100N) is located

in the southwestern part of the Xinjiang Uygur Autonomous

Region (Figure 1). It encompasses a total area of about

3.9 × 104 km2. To the east of the irrigation district lies

Takla Makan desert that is positioned on the east side of

the Yarkant River. To the west of the district is the eastern
lls within the study basin.
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boundary of Jiashi County. The Kunlun Mountains are

located to the south and north of the district. Within the

study area, the average annual precipitation measures

about 53.14 mm, whereas the annual potential evaporation

is much larger, measuring about 2,196 mm. The annual aver-

age temperature is about 12 �C, which is typical of an inland

arid climate. Bachu County is located to the north of the

Yarkant River irrigation district, whose change of ground-

water depth is largest in the Yarkant River irrigation area.

Agriculture, industry, and household water are most depen-

dent on groundwater resources in Bachu County.

Agriculture is the main economic activity in the region,

and agricultural production depends on irrigation. Water for

irrigation is derived from a combination of wells (ground-

water) and canals. The irrigation area seldom produces

runoff. Rather, surface water resources mainly come from

snowmelt in the surrounding mountains. The uncertainty

in surface runoff has led to overexploitation of groundwater

resources. In addition, data show that cultivated areas

within the irrigation district increased by 7.015 × 104 ha,

while population increased by 7.784 million in the past
Figure 2 | Time series showing monthly variations in (a) groundwater depth, (b) groundwater ex

2013.
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decade. The ratio of groundwater use to total water use

increased from 7.3% to 18.4% from 2006 to 2013. The

ratio between surface water irrigation (SI) use and ground-

water exploitation (GE) amount in the study area is shown

in Figure 2(e). Groundwater exploitation, surface water irri-

gation, and runoff referred to GE, SI, and R, respectively.

Data

The measurements of groundwater depth data used in the

paper were collected from 16 wells in the Bachu Irrigation

District between 2006 and 2013, runoff data were collected

from the local hydrological station 48 TuanDu (Figure 1). A

study area is located in the downstream parts of the YRBID.

Monthly data series were used in this study; the monthly

averaged data of groundwater depth, groundwater exploita-

tion, surface water irrigation, and runoff were collected by

and obtained from the Kashgar Hydrology Bureau and the

Yarkant River Basin Authority. Figure 2 shows the temporal

variations in these four variables over the monitoring

period. Since the study area is in an arid region where the
ploitation, (c) surface water irrigation, (d) runoff, and (e) ratio of SI and GE between 2006 and
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annual precipitation (∼50 mm) is much less than the

evaporation (∼2,300 mm/year), groundwater recharge by

precipitation is negligible. Therefore, only groundwater

exploitation, surface water irrigation, and runoff (primarily

from snowmelt) were considered as controlling factors for

the groundwater depth analysis.
METHODS

Groundwater depth and its controlling factors have complex

interrelationships, especially for short time intervals. In

order to establish proper Copula Functions between them,

data preprocessing is needed to meet the required random

and steady state. The procedure used to develop two- and

three-dimensional (2D and 3D) Copula Functions is dis-

played in Figure 3 and described in detail below.
The Kendall rank correlation coefficient method

The Kendall rank correlation coefficient, commonly

referred to as the Tau coefficient, is a non-parametric test

used to measure the relationship between variables. It is

used in this paper to test for hysteresis relationships between

the groundwater depth and the potential driving factors.
Figure 3 | Schematic diagram of the steps used for the establishment of 2D and 3D Copula F
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Specifically, for the time series of groundwater depth,

where X0 ¼ (x0(t)), t ¼ 1, 2, . . . , n, different time lags

were assigned to the time series of the controlling factors

Xi, such that ε ¼ 0, 1, 2, . . . , k. The time series of the con-

trolling factors with time lags can be obtained, where

Xiε ¼ (xi(t� ε)), ε ¼ 0, 1, 2, . . . , k. The Kendall rank corre-

lation coefficient method with time lags is expressed as

follows:

Ti ¼ 1� 6
P

(X0 �Xiε)
2

n(n2 � 1)
, (1)

where Τ ranges between �1 and 1. When Τ is 1, the ground-

water depth is completely consistent/varies with the driving

factor, which is considered as a random variable. When Τ is

�1, the groundwater depth varies indirectly with the driving

factor. When Τ is 0, the coefficient indicates that ground-

water depth and the driving factor are independent of

each other.
The ARIMA model

The steady state of time series data is the premise of estab-

lishing Copula Function. The ARIMA model can

transform a non-stationary time series into a stationary
unctions.
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series (Momani & Naill ). After preprocessing the time

series input data, the main steps involved in the develop-

ment of an ARIMA model include pattern recognition,

model parameter estimation, and performance testing

(Zheng et al. ). The objective of pattern recognition is

to analyze and test the time series data to select the most

appropriate ARIMA process on the basis of the character-

istics of the time series data (trend or seasonal, etc.). The

intent of model parameter estimation is to determine three

parameters in the model, including the autoregressive par-

ameter (p), the number of differencing passes (d), and the

moving average parameter (q) (Gharde et al. ).

The equation used in the ARIMA model of order

(p, d, q) for a standard normal variable (Zt) is as follows

(Choubin & Malekian ):

φ(B)(1� B)dZt ¼ θBεt : (2)

In Equation (2), φ(B) and θ(B) are polynomials of degree

p and q, respectively:

φ(B) ¼ 1� φ1B� φ2B
2 � � � � � φaB

p, (3)

θ(B) ¼ 1� θ1B� θ2B2 � � � � θaBq: (4)

Through parameter evaluation, the optimal results of

parameter d, p, and q used in the ARIMA model were 2,

0, and 14, respectively. In this study, the parameters of the

ARIMA model were determined based on the information

criterion function method (Akaike Information Criterion

(AIC), Bayesian Information Criterion (BIC)) to obtain the

optimal values of p and q (Chen ).
Table 1 | 2D Archimedes Copula Functions

Copulas Cumulative Distribution Function Parameters

Gumbel–Hougaard exp {�[(� lnu)θ þ (� ln v)θ ]
1=θ

} θ

Clayton (u�θ þ v�θ � 1)�1=θ θ � 1

Frank �1
θ
ln 1þ (e�θu � 1)(e�θv � 1)

e�θ � 1

� �
θ ≠ 1
Theory of the Copula Functions

2D Copula Function

Copula Functions were firstly used by Sklar in the 1950s

(Sklar ). The Copula Function models the nonlinearity,

symmetry, or asymmetry of the dependence structure of

the variables. It can be used to construct a multidimensional

joint distribution function by using a marginal distribution

and correlation structure (Salvadori & De Michele ).

Copula methods represent one approach from a cohort of
://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
multivariate methods that are widely used to model the

dependence structure of two (or more) random variables.

Sklar’s theorem states that when x1, x2, x3, . . . , xn are

random variables, and F1(x1), F2(x2), F3(x3), . . . , Fn(xn) are

a marginal distribution function of them, F is the joint prob-

ability distribution function of the n-dimension. Therefore,

there must exist a Copula Function C, which makes the fol-

lowing formula true:

F(x1, x2, . . . , xn) ¼ C[F1(x1), F1(x2), . . . , Fn(xn)]: (5)

where C represents the Copula Function. The Copula C cap-

tures the dependence among the variables, irrespective of

their marginal distributions. If the marginal distribution

functions F1(x1), F2(x2), F3(x3), . . . , Fn(xn) are continuous,

then the Copula Function will be unique (Sklar ).

Copula Functions exist in various forms. The Archime-

dean Copula Functions are one of the most commonly

used 2D Copula Functions in hydrology (Renard & Lang

). These functions include the Gumbel–Hougaard

(GH), Clayton, and Frank methods (Meintanis et al. ).

These three functions were chosen for the analysis in this

study; the mathematical expression of their cumulative dis-

tribution functions is shown in Table 1.
3D Copula Function

Vine Copula (with Archimedean pairs) was selected to con-

struct the 3D Copula Functions (Panagiotelis et al. ) as it

can analyze the correlation between multiple variables, and

there was no need to consider the relationship between

them as either positive or negative. The schematic diagram

of the 3D-Vine Copula structure is shown in Figure 4 (Aas

et al. ).



Table 2 | List of empirical distribution function types

Empirical distribution function types

Beta Generalized
extreme value

Log-normal t location-
scale

Birnbaum–

Saunders
Generalized Pareto Nakagami Weibull

Exponential Inverse Gaussian Normal Binomial

Extreme value Logistic Rayleigh Negative
binomial

Gamma Log-logistic Rician Poisson

Figure 4 | Schematic diagram of the 3D-Vine Copula structure.
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The Vine Copula structure is established by combining

groundwater depth with any two driving factors. The joint

distribution function of the 3D Copula Function under the

C Vine Copula decomposition structure is given as follows:

f(x1, x2, x3) ¼ f(x1) � f(x2) � f(x3) � C12 � C23 � C23j1: (6)
In the above expression, each Vine Copula Function can

be decomposed into the product of a 2D Copula Function

and an edge distribution function. The unknown parameters

in the structure are generally estimated by the maximum

likelihood method (Brechmann & Schepsmeier ).

Establishing a marginal distribution function

Before constructing a Copula Function, the marginal distri-

bution of multivariate variables must be calculated. The

constructed marginal distribution is important because it

directly affects the accuracy of the joint distribution function

(Liu et al. ). The parametric estimation method is a com-

monly used approach to population probability density

function analysis, and it was used in this study for construct-

ing the marginal distribution (Xiong et al. ). The

parameters of the marginal distributions are estimated

through a maximum likelihood method. Twenty probabilis-

tic functions (Table 2) were used to construct the marginal

distribution functions for groundwater depth and its control-

ling factors. The Chi-square test was employed to statistically

evaluate the goodness of fit of the marginal distribution

function model, and the most suitable function for each vari-

able was selected.

Parameter evaluation and goodness of fit of Copula

Functions

Markov chain Monte Carlo (MCMC) simulation within a

Bayesian framework was used to calculate the parameters
om http://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
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contained in the 2D Copula Function (Madadgar et al.

; Sadegh et al. ), whereas the AIC method was

used to test the goodness of fit of the distribution function

(Daneshkhah et al. ).

AIC was calculated as follows:

AIC ¼ n log
RSS
n

� �
þ 2m, (7)

where n is the number of samples, RSS is the sum of residual

squares, and m is the number of parameters.
Conditional probability distribution

For 2D variables, the marginal distribution functions of X

and Y are expressed as follows (You et al. ):

Fx(x) ¼ P(X � x) ¼ u, Fy(y) ¼ P(Y � y) ¼ v, (8)

where X is the times series of controlling factors, Y is the

times series of groundwater depth, and F is a marginal distri-

bution of the time series. The conditional probability of

event occurrence is given in the following equation:

P(y1 < Y < y2jx1 <X< x2) ¼ P(x1 <X< x2, y1 < Y < y2)
P(x1 <X< x2)

¼ C(u2, v2)� C(u1, v2)� C(u2, v1)þ C(u1, v1)
(u2 � u1)

: (9)
The 3D conditional probability is calculated as follows:

P(z1 < Z< z2, x1 <X< x2, y1 < Y < y2)

¼ P(x1 <X< x2, y1 < Y < y2, z1 < Z< z2)
P(z1 < Z< z2)

, (10)
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where X and Y are the times series of controlling factors,

and Z is the times series of groundwater depth.
RESULTS AND DISCUSSION

Correlation between groundwater depth and the

driving factors

Groundwater exploitation, surface water irrigation, and

runoff (referred to GE, SI, and R, respectively) were

chosen as the driving factors to analyze the change in

groundwater depth (GD) within the Bachu Irrigation Dis-

trict of Yarkant River Basin. Since some driving factors

controlling groundwater depth may not be manifested in

the same month, it is adoptable to analyze the lag effects

of driving factors on groundwater depth to make the sub-

sequent research effective.

The Kendall rank correlation coefficient method was

employed to analyze the lag effects of GE, SI, and R on

groundwater depth. The significance of cross-correlation

between the driving factors and groundwater depth was

tested by varying the lag time between 0 and 6 months

(Table 3). When the groundwater depth was set to a lag of

1 month, there was a significant correlation with ground-

water exploitation (p< 0.05). When the lag time was 0, the

statistical significance level of the correlation coefficient

between runoff, irrigation and groundwater depth ranged

between 0.05 and 0.1. This lack of significant correlation

suggests that there is no obvious lag effect between them

in the area. Since the groundwater monitoring wells were

not used for groundwater exploitation, it is reasonable to

assume that there was a 1-month lag between groundwater

exploitation and a change in groundwater depth at the moni-

toring wells. Therefore, this study used GEþ1Mo (indicates
Table 3 | Correlation test between groundwater depth and driving factors

lag0 lag1 lag2

GE-GD �0.06 0.21** 0.12

SI-GD �0.13* �0.07 �0.05

R-GD �0.15** �0.02 0.10

Note: GE is groundwater exploitation, SI is surface water irrigation, R is runoff, GD is groundwat

://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
that groundwater exploitation occurs 1 month (Mo) ahead

(þ) of the changes in groundwater depth), SI, and R time

series data as driving factors to analyze the probability distri-

bution of groundwater depth.
Stability test of driving factors and groundwater depth

As noted above, Copula models require that the time series

for the used input variables are in a steady state (Xiong

et al. ). It is, therefore, necessary to test the stability

and autocorrelation of the time series data before using

Copula Functions to establish their joint distribution. The

four utilized time series datasets possessed strong autocor-

relation and periodicity (Figure 5) and therefore required

preprocessing to generate a stable time series for Copula

modeling.

The ARIMA model was used herein to smooth non-

stationary time series data, thereby generating stationary

time series (Momani & Naill ). The autocorrelation

and periodicity of the groundwater depth and driving factors

data series were significantly reduced (Figure 6), creating a

stable time series that could be used in the subsequent mod-

eling efforts.
Establishing marginal distribution functions

Selecting an appropriate marginal distribution function for

each variable is required to effectively construct the 2D

Copula joint distribution function. Marginal distributions

were preliminarily constructed by 20 empirical distribution

functions (Table 2). Subsequently, Chi-square tests were

applied to estimate parameters of the marginal distribution

function and assess the goodness-of-fit. Twenty probability

distribution functions were selected as candidates to

develop the marginal functions for groundwater depth
lag3 lag4 lag5 lag6

0.05 0.13 – –

�0.09 0.00 0.00 0.07

0.11 0.04 �0.03 0.00

er depth, lag0–lag6 is driving factor lagging 0–6 months, respectively. **p< 0.05, *p< 0.1.



Figure 5 | Autocorrelation test of (a) groundwater exploitation 1 month ahead, (b) surface irrigation, (c) runoff, and (d) groundwater depth.

Figure 6 | Autocorrelation test of (a) groundwater exploitation 1 month ahead, (b) surface irrigation, (c) runoff, and (d) groundwater depth after ARIMA model processing.

414 Y. Bai et al. | Copulas in groundwater probability analysis Hydrology Research | 51.3 | 2020

Downloaded fr
by guest
on 22 May 202
(GD) and the driving factors. The optimal distribution types

of marginal functions for GD, GEþ1Mo, SI, and R were the

normal distribution, logistic distribution, t location-scale
om http://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
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distribution, respectively. The Chi-square test showed that

the marginal distribution functions of GD, GEþ1Mo, SI,

and R all passed the 0.05 significant level (Figure 7).



Figure 7 | Marginal distribution curves (left) and quantile–quantile (QQ) plots (right) of (a) groundwater exploitation 1 month ahead, (b) surface irrigation, (c) runoff, and (d) groundwater

depth.
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2D Joint distribution functions

After determining the appropriate marginal distribution func-

tion for groundwater depth and its driving factors, 2D Copula

Functions were constructed between them. Groundwater

depth (X ) and three driving factors (Y ) were arranged in

ascending order, and then, data pairs were selected from

Xi � Xj, Yi � Yj (i< j¼ 1,…, n) to calculate the empirical fre-

quencies of the joint distribution functions. The marginal

distribution of groundwater depth with the marginal distri-

bution of each driving factor was then combined to

construct the joint distribution. Gumble, Clayton, and Frank

Copula Functions were used to fit the joint distribution

functions between GD and GEþ1Mo, SI, and R. Copula par-

ameters were estimated by using a maximum likelihood

method. The goodness of fit was evaluated by AIC. The smal-

ler the AIC value, the better the fit of the model. Thus, the

Frank Copula Function produced the best result (Table 4)

and is suitable to construct the joint distributions between

GEþ1Mo-GD, SI-GD, and R-GD pairs. The joint distribution

function of GD and GEþ1Mo is given as follows:

C1(u1, u2) ¼ 1
�2:15

ln 1þ (e�2:15u1 � 1)(e�2:15u2 � 1)
(e�2:15 � 1)

� �
, (11)

where u1¼ P(X� x), u2¼ P(Y� y), X is groundwater depth,

and Y is groundwater exploitation.

The joint distribution function for GD and SI is given in

the following equation:

C2(u1, u3) ¼ 1
1:06

ln 1þ (e1:06u1 � 1)(e1:06u3 � 1)
(e1:06 � 1)

� �
, (12)
Table 4 | 2D Copula Function goodness of fit evaluation data

Data pair Copula Function type θ AIC

GEþ1Mo�GD Gumbel 0.62 �611.40
Clayton 1.29 �609.90
Frank 2.15 �618.51

SI-GD Gumbel 0.00 �616.77
Clayton 1.00 �616.79
Frank �1.06 �617.42

R-GD Gumbel 1.00 �640.79
Clayton 0.00 �640.81
Frank �1.36 �641.92
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where u1¼ P(X� x), u3¼ P(Y� y), X is the depth of ground-

water, and Y is the amount of surface water irrigation.

The joint distribution function of GD and R is written as

follows:

C3(u1, u4) ¼ 1
1:36

ln 1þ (e1:36u1 � 1)(e1:36u4 � 1)
(e1:36 � 1)

� �
, (13)

where u1¼ P(X� x), u4¼ P(Y� y), X is groundwater depth,

and Y is runoff.

The joint probability distributions between groundwater

depth and three driving factors were examined using

quantile–quantile (QQ) plots (Figure 8). The correlation

coefficient (R2) of joint distribution functions between GD

and GEþ1Mo, SI, and R were 0.988, 0.991, and 0.995,

respectively. These coefficients indicate that Frank Copula

Functions developed between GD and GEþ1Mo, SI, and R

exhibit a high level of fit, suggesting that Frank Copula

Functions should be used in the study area.

The results from the above analysis and the θ parameter

(shown in Table 4) show that there was a positive corre-

lation between groundwater exploitation and groundwater

depth, while surface water irrigation and runoff were nega-

tively correlated with groundwater depth. The absolute

values of the parameters within the Frank Copula Functions

are jGEþ1Moj> jθRj> jθSIj, indicating that the correlation

between groundwater exploitation and groundwater depth

was the largest, followed by runoff and surface water

irrigation.
2D Conditional probabilities

Conditional probabilities were developed by initially divid-

ing the variable values for depth of groundwater below the

surface, groundwater exploitation, surface water irrigation,

and runoff into three ranges. Subdividing the data limited

the effect of range length on the constructed probabilities.

The probability values for different conditions were then cal-

culated using Equations (8) and (9) (Tables 5–7).

As previously noted, there is a 1-month lag between the

timing of groundwater exploitation and groundwater depth.

Thus, GEþ1Mo was used to analyze the probability distri-

bution of the variations in groundwater depth. The

probability distribution of groundwater depth under the



Figure 8 | 2D Copula joint distribution function fitting QQ plots between (a) groundwater exploitation 1 month ahead, (b) surface irrigation, and (c) runoff and groundwater depth.

Table 6 | Conditional probability of water table depth falling into different ranges given a

specific condition (range) of the surface water irrigation

P(GD|SI)
1,631< SI<
14,103.67

14,103.67<
SI< 26,576.33

26,576.33<
SI< 39,049

3.35<GD< 4.07 0.12 0.18 0.27

4.07<GD< 4.78 0.46 0.50 0.52

4.78<GD< 5.49 0.42 0.32 0.21

Note: SI is surface water irrigation (104 m3), GD is groundwater depth (m), P is probability.

Table 5 | Conditional probability of water table depth falling into different ranges given a

specific condition (range) of groundwater exploitation

P(GD|GEþ1Mo)
0<GEþ1Mo

< 1,677.71
1,677.71<GEþ1Mo

< 3,355.41
3,355.41<GEþ1Mo

< 5,033.12

3.35<GD< 4.07 0.36 0.19 0.07

4.07<GD< 4.78 0.51 0.51 0.40

4.78<GD< 5.49 0.13 0.30 0.53

Note: GEþ1Mo is groundwater exploitation (104 m3), GD is groundwater depth (m), P is

probability.

Table 7 | Conditional probability of water table depth falling into different ranges given a

specific condition (range) of the runoff

P(GD|R) 0<R< 6.45 6.45<R< 12.91 12.91<R< 19.36

3.35<GD< 4.07 0.10 0.20 0.30

4.07<GD< 4.78 0.45 0.51 0.52

4.78<GD< 5.49 0.45 0.29 0.18

Note: R is runoff (108 m3), GD is groundwater depth (m), P is probability.
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influence of groundwater exploitation is shown in Table 5.

Regardless of the impacts of the other factors, when the

volume of groundwater exploitation was in the maximum

range (3,355.41 × 104–5,033.12 × 104 m3), the probability

that groundwater depth was in the maximum range (4.78–

5.49 m) reached a maximum value (0.53) after a 1-month

lag time. Moreover, the larger the groundwater exploitation,

the higher the probability that groundwater depth would be

in the maximum depth range. Similarly, the smaller the

groundwater exploitation, the smaller the probability that

groundwater depth was in the maximum range of depth
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values (0.13). This analysis illustrates the strong positive

dependency of groundwater depth on groundwater

exploitation.

Table 6 shows the probability distribution of ground-

water depth under a change in surface water irrigation.

When the volume of surface water irrigation was within

the maximum range (26,576.33 × 104–39,049 × 104 m3),

the probability that groundwater depth was in the

middle depth range (4.07–4.78 m) reached a maximum

probability value of 0.52. Given the maximum volume of

surface water irrigation, the probability of groundwater

depth falling into the maximum (deepest) range (4.78–

5.49 m) became the smallest (0.21). This indicates that

surface water irrigation recharges groundwater in the

area.

The conditional probability distribution of groundwater

depth with variations in runoff is shown in Table 7. Regard-

less of the impacts of the other factors, when runoff was

within the maximum range (12.91 × 108–19.36 × 108 m3),

the probability that groundwater depth was in the middle

range (4.07–4.78 m) reached a maximum probability value

(0.52). In addition, the probability that groundwater depth

was in the maximum (deepest) range (4.78–5.49 m) was

the smallest (0.18), while the smaller the value of runoff,

the higher the probability that groundwater depth (0.45)

was in the maximum depth range (4.78–5.49 m). These

trends demonstrate that an increase in runoff can lead to a

decrease in the depth to groundwater.
Table 8 | Probabilities of the groundwater depth falling into different ranges given a specific r

P(GD|GEþ1Mo, R) 0<GEþ1Mo < 1,677.7

3.35<GD< 4.07 0.17

0<R< 6.45 4.07<GD< 4.78 0.53

4.78<GD< 5.49 0.30

3.35<GD< 4.07 0.29

6.45<R< 12.91 4.07<GD< 4.78 0.53

4.78<GD< 5.49 0.18

3.35<GD< 4.07 0.44

12.91<R< 19.36 4.07<GD< 4.78 0.44

4.78<GD< 5.49 0.12

Note: GE is groundwater exploitation (104 m3), R is runoff (108m3), GD is groundwater depth (m
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The Vine Copula Function

The above analysis shows that the depth to groundwater was

influenced by several factors in the study area. 2D Copula

Functions can only assess the influence of a single par-

ameter on the probability distribution of groundwater

depth but cannot determine the combined effect of multiple

parameters. Therefore, a 3D Copula Function was further

constructed to analyze the multivariate correlation between

the three examined controlling factors and the change in

groundwater depth.

A positive correlation was found to exist between

groundwater exploitation and groundwater depth, whereas

a negative correlation existed between runoff and surface

water irrigation with groundwater depth. 3D symmetric or

asymmetric Archimedes functions can only be applied

when positive correlations exist between the variables

(Chen ). Thus, 3D-Vine Copula Functions were used to

analyze the influence of GEþ1Mo/SI, GElag1/R, and SI/R

on groundwater depth (Tables 8–10).

The probabilities that the groundwater depth was within

a specific range given a defined range of groundwater exploi-

tation and runoff are shown in Table 8. Given the mutual

effect of runoff and groundwater exploitation on ground-

water depth, the first line of Table 8 indicates that when

runoff is in the range of 0–6.45 × 108m3, and the ground-

water exploitation is in the range of 0–1,677.71 × 104 m3

during the previous month, the probability that groundwater
ange of groundwater exploitation and runoff

1 1,677.71<GEþ1Mo < 3,355.41 3,355.41<GEþ1Mo < 5,033.12

0.07 0.04

0.42 0.29

0.51 0.67

0.15 0.08

0.51 0.44

0.34 0.48

0.24 0.06

0.60 0.50

0.16 0.44

), P is probability.



Table 10 | Probabilities of the groundwater depth falling into different ranges given a specific range of surface water irrigation and groundwater exploitation

P(GD|GEþ1Mo, SI) 1,631< SI< 14,103.67 14,103.67< SI< 26,576.33 26,576.33<SI< 39,049

3.35<GD< 4.07 0.19 0.28 0.36

0<GEþ1Mo < 1,677.71 4.07<GD< 4.78 0.50 0.52 0.47

4.78<GD< 5.49 0.31 0.20 0.16

3.35<GD< 4.07 0.09 0.14 0.26

1,677.71<GEþ1Mo < 3,355.41 4.07<GD< 4.78 0.47 0.51 0.48

4.78<GD< 5.49 0.44 0.35 0.26

3.35<GD< 4.07 0.08 0.09 0.07

3,355.41<GEþ1Mo < 5,033.12 4.07<GD< 4.78 0.28 0.41 0.52

4.78<GD< 5.49 0.64 0.50 0.41

Note: GEþ1Mo is groundwater exploitation (104 m3), SI is surface water irrigation (104 m3), GD is groundwater depth (m), P is probability.

Table 9 | Probabilities of the groundwater depth falling into different ranges given a specific range of surface water irrigation and runoff

P(GD|SI, R) 1,631<SI< 14,103.67 14,103.67< SI< 26,576.33 26,576.33<SI< 39,049

3.35<GD< 4.07 0.06 0.10 0.11

0<R< 6.45 4.07<GD< 4.78 0.41 0.45 0.48

4.78<GD< 5.49 0.53 0.45 0.41

3.35<GD< 4.07 0.14 0.20 0.26

6.45<R< 12.91 4.07<GD< 4.78 0.48 0.50 0.51

4.78<GD< 5.49 0.38 0.30 0.23

3.35<GD< 4.07 0.22 0.29 0.35

12.91<R< 19.36 4.07<GD< 4.78 0.49 0.51 0.54

4.78<GD< 5.49 0.29 0.20 0.11

Note: SI is surface water irrigation (104 m3), R is runoff (m3), GD is groundwater depth (m), P is probability.
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depth is in the middle range (4.07–4.78 m) is 53%. With an

increase in runoff, and the same level of groundwater exploi-

tation (0–1,677.71 × 104 m3), the depth to groundwater

decreases, and the probability that groundwater depth is in

the maximum range (4.78–5.49 m) reaches its lowest value

12%. In contrast, when groundwater exploitation increases

to the maximum range during the previous month

(3,355.41 × 104–5,033.12 × 104 m3), and runoff is within the

range of 0–6.45 × 108m3, the probability that groundwater

depth is in the maximum range reached its biggest value,

67%. When groundwater exploitation is within its maximum

range (3,355.41 × 104–5,033.12 × 104 m3), along with runoff

(12.9067 × 108–19.36 × 108 m3), the probability that ground-

water depth is in its maximum depth range decreased

(fourth line of Table 8).
://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
Tables 8 and 9 show the probability that the ground-

water depth is within different ranges under the mutual

effects of surface water irrigation and runoff. The corre-

lations between runoff, surface water irrigation, and

groundwater depth are negative. When both runoff and irri-

gation increase, groundwater depth is reduced. In contrast,

the correlation between groundwater exploitation and

groundwater depth is positive. When runoff and irrigation

increase, along with exploitation, the depth to groundwater

will also increase. The influence of groundwater exploitation

on groundwater depth is greater than that of surface water

irrigation and runoff. These relationships also agree with

the conclusions derived from the 2D Copula analysis.

In terms of the actual situation of the YRBID, the surface

water resources of the region mainly occur in the form of ice
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and snowmelt water runoff. This runoff is accessed for each

subirrigation area through a channel and is insufficient to pro-

vide enough surfacewater irrigation tomeet the needs of crop

growth. As a result, surface water infiltration and ground-

water recharge are small, increasing the effect of

groundwater exploitation on the depth to groundwater. It

can be seen that the results of time series analysis by

Copula Functions in this research have also shown the con-

sistency with the natural situation in the study area.

Theoretically, 3D symmetric or asymmetric Archimedes

functions can only be applied to positively correlated vari-

ables (Chen ). However, in this area, groundwater

depth is negatively related to parameters that increase

groundwater recharge (runoff and irrigation). A question

that arises is how to set up a proper 3D Copula Function

for groundwater depth? You et al. () found that the per-

formance of a 3D Symmetric Archimedean Copula Function

was unsatisfactory. In this study, we used a 3D-Vine Copula

model to analyze the response of groundwater depth to

groundwater exploitation, runoff, and surface water irriga-

tion. When two factors co-vary, a reasonable fitting result

was obtained and was consistent with those of the con-

structed 2D Copula Function. The results suggest that in

addition to the commonly used Archimedean Copula Func-

tion, Vine Copula could be used to satisfactorily describe

time series correlations between groundwater depth and

selected controlling factors. The Archimedean Copula Func-

tions are not the only models that can describe the

correlations among the variables, suggesting that other

Copula Functions require further study.

The application of multidimensional Copula analysis

allows the interrelations, restrictions, and detailed changes

that occurred through time in the multivariate groundwater

system to be more fully understood. Moreover, the prob-

ability that groundwater depth was in a defined range

could be assessed. The analysis provided critical information

on the probability of how the depth of the groundwater table

would change in response to selected driving factors. The

results provide a power management tool in that it provides

insights into how groundwater exploitation and irrigation

can be adjusted to control groundwater levels in the area.

For example, in the future, we will examine the ecological

impacts of changing groundwater levels in the area, and

establish Copula Functions to estimate the appropriate
om http://iwa.silverchair.com/hr/article-pdf/51/3/406/698206/nh0510406.pdf
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level of groundwater exploitation given a specific runoff

volume and amount of irrigation. Similarly, if a certain

amount of groundwater exploitation is planned, it can be

determined if groundwater levels will remain appropriate

given the amount of surface irrigation.

This study used 8 years of monthly monitoring data from

16 wells in the area, and these data can be used to assess

monthly and seasonal changes in groundwater depth. In

future research, the data can be further expanded to obtain

amore accurate functional probability relation. Furthermore,

although this investigation pertains to the arid oasis, the

approach could be used in other semi-arid to arid regions con-

sisting of similarly structured groundwater flow systems.
CONCLUSIONS

This paper used Copula Functions to analyze the relationship

between changes in groundwater depth and three selected

controlling factors from the perspective of probability. The

analyses were based on a time series of monthly monitoring

data collected from 16 wells in an arid oasis. The generated

modeling results evaluated using the goodness of fit methods

were satisfactory. Furthermore, the paper compared the

results of 2D Copula Functions with 3D Copula Functions,

the latter of which jointly analyzed the responsiveness of

groundwater depth to changes inmultiple controlling factors.

The analyses showed that Copula Functions are an effective

method to analyze the probability of changes in groundwater

levels in an arid oasis, and the response of groundwater depth

to multiple driving factors. Specifically, this study found that

in YRBID, Frank Copula Functions produced the best fit for

generated joint distribution functions between groundwater

depth and its driving factors. A 3D-Vine Copula Function

was proposed for the first time in groundwater analysis. The

results showed that groundwater exploration is the main

factor leading to changes in groundwater depth, whereas

the influence of runoff and surface water irrigation on

groundwater depth was relatively small.

Observations from the Irrigation District suggest that

groundwater depth has become deeper in recent years

than is typical. The model generated here can be used as a

management tool to assess changes in groundwater depth

as a function of groundwater exploitation, irrigation, and
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runoff. For example, the data could be used to adjust the

volume of surface water irrigation during a given amount

of groundwater exploitation to maintain groundwater

levels within a suitable (defined) range.

This study provides an effective research method for the

probability analysis of groundwater depth in irrigated areas

of an arid region, serving as an effective theoretical and

technical approach to the sustainable utilization and man-

agement of groundwater resources in a basin.
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